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Introduction
Beurling's invariant subspace theorem plays a very important role in classical Hardy space theory and an extensive version of Beurling-Lax-Halmos theorem was developed(cf. [3, 10, 19] ). There are a lots of applications of this theorem since then. Moreover, many commutative as well as noncommutative extensions of this theorem have appeared over the decades, for example, Weak * -Dirichlet algebras( [27] ), non-self-adjoint crossed products(cf. [22] and references therein) and so on. On the other hand, Arveson in [1] introduced the notion of subdiagonal algebras, as the noncommutative analogue of the classical
Hardy space H ∞ (T), to unify several aspects of non-self-adjoint operator algebras. It is remarkable that there are several successful noncommutative extensions of classical H p spaces based on subdiagonal algebras(cf. [4, 5, 6, 7, 11, 12, 13, 14] ). One important extension is due to Blecher and Labuschagnethe on Beurling type invariant subspace theorem for finite subdiagonal algebras( [8] ). Very recently, Labuschagne in [18] extend their results to general maximal subdiagonal algebras in a σ-finite von Neumann algebra. In fact, they decompose an invariant subspace as an internal L 2 -column sum of type 1 and type 2 invariant subspace according to L p -column sums due to Junge and Sherman [15] . Moreover, every type 1 invariant subspace has the Beurling type, that is, every right invariant subspace M in the non-commutative L 2 space associated with a σ-finite von Neumann algebra is an internal L 2 -column sum of a family of the form U i H 2 , where {U i : i ≥ 1} is a family of partial isometries such that U * j U i = 0 for i j while U * i U i (i ≥ 1) is a projection in the diagonal algebra of considered subdiagonal algebra in the von Neumann algebra. Note that every invariant subspace in the classical Hardy space H 2 has the Beurling type. It then becomes natural when every invariant subspace in the non-commutative Hardy space H 2 has the Beurling type. We consider those maximal subdiagonal algebras whose invariant subspaces have the Beurling type in non-commutative H 2 space in a σ-finite von Neumann algebra. We firstly recall some notions. Let M be a σ-finite von Neumann algebra acting on a complex Hilbert H. We denote by M * the space of all σ-weakly continuous linear functionals of M. Let Φ be a faithful normal conditional expectation from M onto a von Neumann subalgebra D. Arveson [1] gave the following definition. A subalgebra A of M, containing D, is called a subdiagonal algebra of M with respect to Φ if
(ii) Φ is multiplicative on A, and
The algebra D is called the diagonal of A. Although subdiagonal algebras are not assumed to be σ-weakly closed in [1] , the σ-weak closure of a subdiagonal algebra is again a subdiagonal algebra of M with respect to Φ([1, Remark 2.1.2]). Thus we assume that our subdiagonal algebras are always σ-weakly closed. We say that A is a maximal subdiagonal algebra in M with respect to Φ in case that A is not properly contained in any other subalgebra of M which is subdiagonal with respect to Φ. Put A 0 = {X ∈ A : Φ(X) = 0} and A m = {X ∈ M : Φ(AXB) = Φ(BXA) = 0, ∀A ∈ A, B ∈ A 0 }. By [1, Theorem 2.2.1], we recall that A m is a maximal subdiagonal algebra of M with respect to Φ containing A.
We next recall Haagerup's noncommutative L p spaces associated with a σ-finite von Neumann algebra M. Let ϕ be a faithful normal state on M and let {σ ϕ t : t ∈ R} be the modular automorphism group of M associated with ϕ by Tomita-Takesaki theory. We consider the crossed product N = M ⋊ σ ϕ R of M by R with respect to σ ϕ . Then we have that N is a von Neumann algebra on L 2 (R, H) generated by the operators π(x), x ∈ M, and λ(s), s ∈ R defined by the equations
We identify M with its image π(M) in N.
We denote by θ the dual action of R on N. Then {θ s : s ∈ R} is an automorphisms group of N characterized by θ s (X) = X, X ∈ M, θ s (λ(t)) = e ist , t ∈ R.
Note that M = {X ∈ N : θ s (X) = X, ∀s ∈ R}. N is a semifinite von Neumann algebra and there is the normal faithful semifinite trace τ on N satisfying
According to Haagerup [9, 30] , the noncommutative L p spaces L p (M) for each 0 < p ≤ ∞ is defined as the set of all τ-measurable operators x affiliated with N satisfying
There is a linear bijection between the predual M * of M and
p is the norm of x. As in [9] , we define the operator
We also denote by R(M) the right multiplication
Let h 0 be the noncommutative Radon-Nikodym derivative of the dual weight of ϕ on N with respect to τ. 
Generators of a type 1 Subdiagonal algebra
Let A be a maximal subdiagonal algebra in a von Neumann algebra M with respect to Φ. 
We refer to [8, 18] for more details. Definition 2.1. Let A be a maximal subdiagonal algebra in M. If every right invariant subspace of A in H 2 is type 1, then we say that A is a type 1 subdiagonal algebra.
For any positive integer n ≥ 1, let A n 0 be the σ-weakly closed ideal of A generated by
Proposition 2.1. Let A be a maximal subdiagonal algebra. Then A is of type 1 if and
It follows that M = {0} and A is of type 1.
We recall that {σ ϕ t : t ∈ R} is the modular automorphism group of M associated with ϕ and we have that the following representation of σ ϕ t (cf. [16, 17] ):
Since A is {σ Proof. Since 
These partial isometries are not unique in general. If there are finite partial isometries such that formula (2.2) holds, then we define the multiplicity of A as
where |I| is the number of elements of I. Otherwise we define the multiplicity of A is ∞.
We now fixed such a family of partial isometries U = {U n : n ≥ 1} in M such that the formula (2.2) holds. Proposition 2.3. Let A be a type 1 subdiagonal algebra.
Proof. It is elementary that
is the wandering subspace for
W n by Proposition 2.1.
Proposition 2.4. Let A be a type 1 subdiagonal algebra. Then for any n ≥ 1,
. Thus the conclusion holds for n = 1.
Assume that the conclusion holds for all k ≤ n − 1. Then
On the other hand,
We now give generators of a type 1 subdiagonal algebra. Theorem 2.5. Let A be a type 1 subdiagonal algebra.
Proof.
That is, {A nm : n ≥ 1} is a bounded sequence in M. It then follows from (2.3) that A nm converges σ-weakly and
Thus DU m ∈ A 0 for all D ∈ D and m ≥ 1. This implies that A 0 is a subalgebra of A 0 . We claim that A 0 + D + A * 0 is a * -subalgebra of M. It is elementary that A 0 is a 
Since A 0 and D are {σ
for all t ∈ R. It follows from above formula that
which imply that
for all m, n ≥ 1 and t ∈ R by [13, Theorem 2.7 ] . Now for any m ≥ 1 and t ∈ R, σ
0 . Thus we similarly have
We recall that a subdiagonal algebra is anti-symmetric if D = CI ([1]) . Corollary 2.6. Let A be an anti-symmetric subdiagonal algebra of type 1. Then M is * -isomorphic to L ∞ (T) and A is isometrically isomorphic as well as σ-weakly homeomorphic to H ∞ (T). 
We now give two examples of type 1 subdiagonal algebras with multiplicity 1. Let H be a separable complex Hilbert space. E = {e n : 1 ≤ n ≤ d} is an orthonormal basis, where Another example is the non-self-adjoint crossed product defined in [22] . Let D be a von Neumann algebra on H and α an automorphism of D. We consider the crossed product D ⋊ α Z of D by α. Then we have that D ⋊ α Z is the von Neumann algebra on ℓ 2 (Z, H) generated by the operators π(D), D ∈ D, and U defined by the equations
We identify π(D) with D. We have the following example by [22, Proposition 3.5] . Example 2.9. Let D⋊ α Z + = {U n π(D) : n ≥ 0} be the non-self-adjoint crossed product.
Then D ⋊ α Z + is a type 1 subdiagonal algebra of D ⋊ α Z with multiplicity 1. 
2 is a right reducing subspace since A is {σ
This means that EM ⊆ A. It is trivial that E ≤ I − Q. Then E = 0 and (I − Q)AQ = {0}. 
Lemma 3.3. Let A be a type 1 subdiagonal algebra and x ∈ L 2 (M) a nonzero vector.
Proof. Note that a vector x ∈ L 2 (M) is right separating(resp. cyclic) if it is a separating(resp.
cyclic) vector of R(M).
We recall that an element ξ ∈ H 2 is right outer if [ξA] = H 2 (cf. [6] ). Then there is a unitary operator U ∈ M such that x = Uξ for some right outer element
Proof. 
On the other hand, x is a separating and cyclic vector for M. We have that x 1 defined in Lemma 3.3 is right separating. In fact, for any
. Therefore D = 0. Now take any B ∈ M such that x 1 B = 0. Note that x 1 is a wandering vector. Then
Then D = 0 and B = 0. That is , x 1 is right separating. It follows that |x 1 | is both right separating and right cyclic in this case. Note that U|x 1 |B = x 1 B for all B ∈ M. Then U is injective. Thus U is unitary.
and ξ is a right outer element.
We now give main results of this section. Theorem 3.5. Let A be a type 1 subdiagonal algebra and η ∈ L 2 (M) a nonzero vector.
Then for any ε > 0, there are a contraction B ∈ M and a right outer element ξ ∈ H 2 with In this section, we consider the reflexivity of analytic Toeplitz algebras associated with a type 1 subdiagonal algebra. Let X be a Banach space and B(X) the algebra of all bounded linear operators on X. A subspace S ⊆ B(X) is said to be reflexive if S = {A ∈ B(X) :
for every x ∈ X}. S is called hereditary reflexive if S is reflexive and every weak operator topology closed subspace of S is reflexive( [20] ). If S is an algebra containing the identity I and denote by LatS the invariant subspace lattice of S in X, then S is reflexive if [26] proved that the algebra of all analytic Toeplitz operators on classical Hardy space H 2 (T) is hereditary reflexive.
Peligrad [24] extend to the case of non-commutative Hardy spaces H p for 1 < p < ∞ associated with finite crossed products. We may extend to those for type 1 subdiagonal algebras. In fact, the key step is to determine when the left and right analytic Toeplitz algebra associated with a maximal subdiagonal algebra on the non-commutative Hardy space H p are commutants of each other. We have done when p = 2 in [14] . We now consider the case that 1 < p < ∞ for type 1 subdiagonal algebras. Let 1 < p, q < ∞ such that 
Take any P ∈ M + and ε > 0. Then P + εI ∈ M + is invertible and there are a unitary U ∈ M and an operator A ∈ A such that P + ǫI = UA by assumption. Thus For any z ∈ D = {z ∈ C : |z| < 1}, put K z = {(I − zU) −1 x : x ∈ L q (D)}. We claim that K z ∈ Lat(R p ) * for all z ∈ D. In fact, it is trivial that K z is closed and K z D ⊆ K z . It is sufficient to show that t U * K z ⊆ K z .
It follows that
Let T be the set of entire elements of M, that is, those elements X ∈ M for which the function t → σ ϕ t (X) can be extended to an M-valued entire function over C. For any X ∈ M and r > 0, we let It is known that σ 
